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Abstract
In this paper we study Fuglede’s conjecture on the direct product
of two cyclic groups. After collecting the known results we prove that






The study of exponential bases and the Fuglede conjecture attracted the atten-
tion of researchers decades ago and still now it is an active area of research. In
1974 Bent Fuglede was studying Segal’s problem on partial differential opera-
tors [10] and this led him to find a connection between spectral sets and tiles.
His conjecture was stated originally on Rn as follows. Let Ω Ă Rn be bounded
measurable set with positive Lebesgue measure. Ω is called spectral if there
exists a set Λ Ă Rn such that texx,λy : λ P Λu is an orthogonal basis of L2pΩq.
In this case Λ is called a spectrum of Ω. Ω is called a tile if there exists a set
T Ă Rn such that the translates Ω ` t pt P T q cover Rn exactly once up to a set
of measure zero. In this case T is called the tiling complement of Ω. Fuglede’s
conjecture states that Ω is spectral if and only if Ω is a tile.
After some valuable positive results on Rn (e.g. [10, 11, 19]), Tao [28] dis-
proved the conjecture in 2004 by exhibiting a spectral set which is not a tile in
Rn for n ě 5. This result spurred intense research in this area. Namely, some
non-tiling spectral sets were found in Rn for n ě 4 [22] and later for n ě 3
[17], and non-spectral tiles were shown to exist in Rn for n ě 3 [6] (for further
references see [7, 18]). Remarkably, both directions of the conjecture are still
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open in R and R2. All of the aforementioned counterexamples to the conjecture
in Rn are based on Fuglede’s conjecture on finite abelian groups.
Let G be a finite abelian group and pG the dual group (i.e. the set of ir-
reducible representations of G, which can be considered as a group) and it is
isomorphic to G. The elements of pG can be indexed by the elements of G. Then
S Ă G is spectral if and only if there exists a Λ P G such that (χlqlPΛ is an
orthogonal base of complex valued functions defined on S. For a finite group
G and a set S Ď G we say that S is a tile of G if there is a T Ă G such that
S ` T “ G and |S| ¨ |T | “ |G|. This we denote by S
À
T . The discrete version
of the problem can be formulated as follows.
Question 1.1. For a given abelian group G is that true that the spectral sets
and the tiles coincide?
Note that if G is a finite abelian group, then Λ is a spectrum for Ω if and
only if Ω is a spectrum for Λ (under the identification
x
G “ G), and so in this
case we say that pΩ,Λq is a spectral pair and we have |Ω| “ |Λ|. Although
the conjecture is known to be false in general, many positive examples are also
known (see below) which indicates the following problem.
The connections between spectral sets and tiles on Z and on finite cyclic
groups ZN were settled in the last two decades by Coven and Meyerowich [3],
 Laba [20] and Dutkay and Lai [4]. It was shown in [4] that the tile-spectral
direction of Fuglede’s conjecture on R holds if and only if it holds for Z, which
happens if and only if it holds for every finite cyclic group. They also showed
that if the spectral-tile direction holds on R, then it holds for Z and for every
cyclic group. On the other hand, the reverse implications are still open.
Several attempts have been made to prove that the discrete version of Fu-
glede’s conjecture holds for some special cyclic groups. It was shown that if
G “ ZN and N is square-free or N “ p
mqn or N “ pnd, where d is square-free,
then any tile of G is spectral [20, 23, 25]. For the spectral-tile direction only
partial results are known. If G “ ZN and one of the following conditions holds:
N “ pn [20], N “ pnq [24], N “ pnq2 [15], N “ pqr [25], N “ p2qr [27] or
(quite recently) N “ pqrs [16] or N “ pnqk, where min pn, kq ď 6 [23], then a
subset of G is spectral if and only if it is a tile.
Fuglede conjecture on the direct product of abelian groups. Tao’s
[28] example of a spectral set which does not tile comes from a non-tiling spec-
tral set in Z53. On the other hand, it was proved in [13] that Fuglede’s conjecture
holds in Z2p for every prime p. Recently, the investigation of the problem on ele-
mentary abelian p-groups has become of interest. For odd primes p, non-spectral
tiles have been exhibited in Z5p [1] and in Z
4
p by Ferguson and Sothanaphan [8]
and independently by Mattheus [12]. If p “ 2, then the situation is slightly
different. It was shown that Fuglede’s conjecture fails for Zd2 if d ě 10 [8], and
holds if d ď 6 [8, 9]. For 7 ď d ď 9 the answer is not known. Fuglede’s conjec-
ture for Z3p when p is an odd prime is still wide open, although partial results
have been obtained recently for p ď 5 in [2] and for p ď 7 in [5]. Note that the
tile-spectral direction of the conjecture holds for Z3p, see [1].
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Clearly, Fuglede’s conjecture does not hold on R2 if Fuglede’s conjecture does
not hold on an abelian group of the form Zm ˆZn. Therefore, it is reasonable to
investigate the problem for such direct products. R. Shi verified the conjecture
for Zp2 ˆZp [26]. It was proved by the second and the third author that Fuglede’s
conjecture holds on Z2p ˆ Zq – Zpq ˆ Zp [14].
These previously presented results on some direct product of cyclic groups
and the purpose of finding a potential counterexample in R2 motivate our main
result which is the following.
Theorem 1.2. Fuglede’s conjecture holds for Z2p ˆ Z
2
q – Zpq ˆ Zpq, where q
and p are different primes.
Moreover as we will see in Section 5 that if a set A tiles Z2p ˆZ
2
q, then it tiles
with a subgroup as well.
2 Preliminaries and Notation
Definition 2.1. Given a finite abelian group G, we can define the character
functions as homomorphisms χ : G Ñ S1 ď C˚.
Definition 2.2. Given an finite abelian group G, its dual group pG is the col-
lection of its character functions whose operation is point-wise multiplication.
Definition 2.3. The order of a character χ is just as in any group the smallest
n such that χn is the trivial character.






The exponent of this group is then M “ lcmNi“1ni. There is a dot product





pxi ¨ yiq. This product can then







Using the character functions defined above, we can define the Fourier trans-




fpgqχpgq pχ P pGq




hpχqχpgq pg P Gq.





A multiset on a group G is a function from G to N.
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Definition 2.4. Related to this we can have a character function act on a set





It should be noted that χpSq “ |G|1̂Spχq, and χpSq “ 0 exactly when
1̂Spχq “ 0.
Definition 2.5. A convenient notation to use when S Ď G is to say n || |S|
when gcdp|S|, |G|q “ n.
Definition 2.6. Where S Ď G and α P pG, we denote the projection of S as a
multi-set to G{αK by Sα, where α





Note that Sα depends only on the kernel of α. This will often be used because
the value of 1̂Spαq depends only on Sα.
Definition 2.7. Given an element or a subset S in G, we talk about the per-
pendicular group SK in pG. Define the perpendicular group to S as
SK :“ tχ P pG : χpsq “ 1 p@s P Squ
Definition 2.8. Where S Ă G, we denoted the projection of S as a multiset to
the Sylow p´group by Sp. Note that since G is abelian, this is well defined.
Definition 2.9. Let G be a finite abelian group. For v, w P G, we write v „ w if
v and w generate the same subgroup of G. Clearly, „ is an equivalence relation.
Its equivalence classes are called the directions in G and they are represented
by rvs for every v P G. Let S Ď G be a set and v P G. We say that S determines
the direction rvs, if there is a w P S ´ S Ď G such that w „ v. The set of
directions determined by S is denoted by DpSq. For G “ Z2p ˆZ
2
q we denote an
element by pa, bq and the corresponding direction by ra, bs, where a P Z2p and




q, where a P Z
2
p and b P Z
2
q , we write
x “ a ` b.
3 Useful lemmas
In this section we collect a few facts that will be used all throughout the paper.
We recall that for finite abelian groups G if S Ď G is a spectral set and
Λ Ď pG is its spectrum, then S Ď G “ xG is a spectrum for Λ, so Λ is a spectral
set in pG. In this case pS,Λq is spectral pair as well as pΛ, Sq, and |S| “ |Λ|. For
a spectral pair pS,Λq, 1̂Spχq “ 0 for all χ P Λ ´ Λ, by changing the role of S
and Λ, we also have and 1̂Λpχq “ 0 for all χ P S ´ S.
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Lemma 3.1. Let A be a multiset on a finite abelian group G and H ď pG, then
the following are equivalent




• Âpχq “ 0 for all χ ‰ 0 P H .
Proof. The multiset A is equidistributed among cosets of HK when the convo-
lution A ˚ 1HK is constant. The inverse Fourier transform of the indicator of H
is a multiple of the indicator of HK, so taking the Fourier transform of A ˚ 1̂HK
gives Â ¨ 1H is a multiple of δ0.
Corollary 3.2. If S is a spectral set in G and S determines every direction in
a subgroup H ď G, then |H | | |S|.
Proof. If S is spectral, it must have a spectrum Λ where |Λ| “ |S| and for any
nonzero g P S ´ S, 1̂Λpgq “ 0. Since S determines every direction of H , 1̂Λ
vanishes on all nonzero elements of H . From Lemma 3.1, the means Λ must
be equidistriubuted among cosets of HK, of which there are |H | many of them,
and so |H | | |Λ| “ |S|.
The previous statement will mostly be used in the paper in the following
special form.
Lemma 3.3. Assume A is a multiset on Z2r, where r is a prime with χpAq “ 0
for every χ P xZ2rzt0̂u. Then r2 | |A|.
The property introduced in the next corollary is usually called equidistribu-
tivity property of a spectral set S in direction α.
Corollary 3.4. Let S be a spectral set. If α P Λ ´ Λ for some α P xZrzt0u,
where r is a prime, then r | |S| “ |Λ|. Moreover it follows from the previous
argument that S is equidistributed among the cosets of αK, see also [14].
The following Lemma is folklore. One can find proper proof of the statement
in [21] and a generalization of this result is found in [15].
Lemma 3.5. Let A be a multiset on Zpq. Assume χpAq “ 0 for some character
of order pq. Then A is the nonnegative sum of Zp cosets and Zq cosets. Moreover
the converse is also true.
Lemma 3.6. Let G be a finite abelian group. Let us assume χvpSq “ 0 for
some irreducible representation χv of G. Then for χvkpSq “ 0 if gcdpk, |G|q “ 1.
Proof. Applying a suitable element of the Galois group GalpQpξ|G|q | Qq to the
equation χvpSq “ 0, where ξ|G| is a |G|’th root of unity, gives the result.
The condition gcdpk, pqq “ 1 in Lemma 3.6 is equivalent to v „ vk and this
motivates the introduction of directions in Definition 2.9.
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4 Spectral Implies Tiling in Z2p ˆ Z
2
q
For this direction, we split into cases based on divisibility of the spectral set S.
Case 1: p2q || |S| (or pq2 || |S|)
From a pigeon hole argument, such an S either tiles by a Zq coset and has
size p2q, or S determines every direction of order q. But if S determines every
direction of order q, then by Lemma 3.3, q2 | |S|, contradicting our original
assumption that p2q || |S|.
Case 2: p2 || |S| (or q2 || |S|)
Similar to the above case, a pigeon hole argument shows that either S tiles by
Z2q and has size p
2, otherwise S determines some direction of order q, which
implies that q | |S| by Corollary 3.4, contradicting that p2 || |S|.
Case 3: 1 || |S|
In the case that |S| “ 1, then S tiles trivially by the whole space. Otherwise
|S| “ |Λ| ą 1, and for any nonzero χ P Λ ´ Λ, χpSq “ 0. If the order of χ is p or
q, then by Corollary 3.4, |S| would have to be a multiple of p or q respectively,
contradiction our assumption that 1 || |S|. So for all such characters, the order






{χK – Zp ˆ Zq, S
must project to a sum of Zp and Zq cosets by Lemma 3.5. If this projection
were only Zp or Zq cosets, then |S| would be a multiple of p or q, so there must
be at least one of each in this projection. Without loss of generality, assume
p ă q. The preimage of any of those Zq cosets is in a coset in G of a subgroup
isomorphic to Zp ˆ Z
2
q that contains q points of S. Since this contains only
p cosets of Z2q , there must be some Z
2
q coset with 2 points from S. Thus S
determines a direction of order q and is spectral, hence |S| must be a multiple
of q, and once again contradicts our original assumption.
Case 4: p || |S| (or q || |S|)
Let us first assume |S| “ p. It is clear that S vanishes only on characters of
order p or pq, otherwise q | |S| by Corollary 3.4, which is a contradiction. Let
χ be a character such that χpSq “ 0. If opχq “ p, then xχy is a spectrum for S.
If χ is of order pq, then the projection of S to pZ2p ˆ Z
2
qq{χ
K is the sum of Zp
cosets and Zq cosets by Lemma 3.5. Since |S| “ p, this projection is just a Zp
coset. Hence χqpSq “ 0 and xχqy is a spectrum for S.
From now on we assume |S| ą p. The spectrum Λ must project to Z2p as a
set so as not to determine any direction of order q. If |S| “ |Λ| ‰ p, then the
projection of Λ determines every direction of order p, so for every 0 ‰ u P Z2p
there is vu P Z
2
q such that χu`vupSq “ 0 by Lemma 3.6.
We argue that vu ‰ 0 for some 0 ‰ u P Z
2
p since p
2 ∤ |S|. In this case there
is some character χu`vu of order pq where χu`vupSq “ 0. Then S projects by
χKu`vu to a sum of Zp and Zq cosets by Lemma 3.5. Clearly, S{χ
K
u`vu cannot only
be the sum of Zp cosets since that would imply χupSq “ 0, which is excluded.
Similarly, S{χKu`vu is not the sum of Zq cosets only since q ∤ |S|.
Since |S| is a multiple of p, so must be the number of Zq cosets that appear.
Hence we obtain |S| ą pq.
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Lemma 4.1. If A Ď Z2p ˆZ
2
q with |A| ě pq, then either A is a tile and |A| “ pq,
or for all 0 ‰ a P Z2p, 0 ‰ b P Z
2
q either ra, 0s P DpAq or r0, bs P DpAq or
ra, bs P DpAq.
Proof. The subgroup xpa, bqy – Zp ˆ Zq is of index pq. Either A has one point
in each xpa, bqy coset and A tiles, or there are two elements of A in one of those
cosets. In that case, A must determine some direction of xpa, bqy, which is either
ra, 0s P DpAq or r0, bs P DpAq or ra, bs P DpAq.
By applying Lemma 4.1 for Λ (|Λ| ą pq) we conclude that for every 0 ‰
v P Z2q one of the followings holds: χu`vpSq “ 0, χupSq “ 0 or χvpSq “ 0. As
χupSq “ 0 and χvpSq “ 0 for every 0 ‰ v P Z
2
p are excluded by our assumptions
we obtain χu`vpSq “ 0 for every 0 ‰ v P Z
2
p.
Proposition 4.2. Let T be a multiset Zp ˆ Z
2
q with χx`ypT q “ 0 for every
0 ‰ x P Zp and 0 ‰ y P Z
2
q . For every i P Zp let gi : Z
2
q Ñ N be a function such
that gipzq “ T pi`zq for all z P Z
2
q . Then gi ´gj is a constant function for every
i, j P Zp.
Proof. We prove that suppp {gi ´ gjq “ supppĝi ´ ĝjq “ t0u. Let 0 ‰ v P Z2q . In
order to calculate ĝipvq we first project T to xu, vy, where 0 ‰ u P Zp. It follows
from χu`vpT q “ 0 that Txu,vy is the sum of Zp cosets and Zq cosets. For every
i P Zp, w P Zq let fi,vpwq “ Txu,vypi ` wq. Since Txu,vy is the sum of Zp cosets
and Zq cosets, fi,v ´ fj,v is constant for i, j P Zp.
It is straightforward to verify that ĝipvq “ f̂i,vpwq for some w ‰ 0 and
then ĝipvq ´ ĝipvq “ f̂i,vpwq ´ f̂j,vpwq “ 0 by Lemma 3.1, since fi,v ´ fj,v is
constant.
It is clear from the previous argument that for the projection T of S to xu,Z2qy
the conditions of Proposition 4.2 hold. Thus we obtain that for gipzq “ T pi` zq
(z P Z2q), gi ´ gj is a constant function for every i, j P Zp. If gi “ gj for every
i, j P Zp, then χupSq “ 0, a contradiction.
Let g0 denote the function which is minimal among gi’s. If g0pzq “ 0 for all
z P Z2q , then q
2 | |S|, which contradicts the fact that p || |S|. If g0pzq ą 0 for
some z P Z2q , then gipzq ą 0 for every i P Zp and we have seen that gjpzq ą 1 for
some j ‰ 0. Thus z ` Z2p contains at least p ` 1 elements of S, implying that
|S| determines every direction of Z2p and hence p
2 | |Λ| “ |S| by Corollary 3.4,
a contradiction.
4.1 Case 5: pq || |S|
The case when pq || |S| is treated separately simply because the argument
needed here is more complicated.
Proposition 4.3. If S Ď Z2p ˆ Z
2
q is spectral and |S| “ pq, then S is a tiling
set.
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Proof. Since p2 ∤ |S| “ |Λ|, there is an a of order p with 1̂Λpa, 0q ‰ 0.
By Lemma 4.1, either S is a tile or S determines at least one of ra, 0s, r0, bs
and ra, bs for every 0 ‰ b P Z2q. Note that 1̂Λpa, 0q ‰ 0 implies ra, 0s R DpSq.
Thus r0, bs P DpSq or ra, bs P DpSq.
If ra, bs P DpSq, then for the spectrum Λ of S, 1̂Λpa, bq “ 0. By Lemma 3.5,
Λ is the sum of Zp cosets and Zq cosets so |Λ| “ kp` lq for some k, l P N. Since
|Λ| “ pq then either k “ q and l “ 0 or k “ 0 and l “ p, implying 1̂Λpa, 0q “ 0
or 1̂Λp0, bq “ 0.
As 1̂Λpa, 0q ‰ 0 we have 1̂Λp0, bq “ 0 for all 0 ‰ b P Z
2
q , implying that q
2 | |Λ|,
a contradiction. So 1̂Λ must vanish on pa, 0q, but a was arbitrary, implying 1̂Λ
vanishes on every element of order p, another contradiction. Therefore S must
tile by a Zp ˆ Zq subgroup.
Lemma 4.4. If pq || |S| and |S| ě pqmintp, qu, then S is not spectral.
Proof. Without loss of generality assume p ă q. For a contradiction, we assume
p2q ă |S|. For any Zq subgroup of G, there are p
2q cosets so S must have at
least two points in one of them. As this Zq subgroup was chosen arbitrarily, S
determines every direction of order q. Since S is a spectrum for Λ, this means
that q2 | |Λ| “ |S| giving a contradiction.
From now on we assume pq || |S| and pq ă |S| ă pqmintp, qu.
Lemma 4.5. There are 0 ‰ u P Z2p and 0 ‰ v P Z
2
q such that λu R S ´ S and
µu R S ´ S for any λ P Z˚p “ Zpzt0u and µ P Z
˚
q “ Zqzt0u.
Proof. Otherwise p2 | |S| or q2 | |S| by Lemma 3.3.
Lemma 4.6. For every 0 ‰ u P Z2p and 0 ‰ v P Z
2
q we have χu`xupSq “ 0 and
χv`yvpSq “ 0 for some xu P Z
2
q and yv P Z
2
p.
Proof. We will only prove that χu`xupSq “ 0 for some xu P Z
2
q. The other case
is similar.
Let Sp denote the multiset, which is the projection of S to Z
2
p. It follows
from Lemma 4.5 that none of the Z2q cosets contains more than q elements of
S. Thus, as |Sp| “ |S| ą pq we have |supppSpq| ą p ` 1 and then supppSpq
determines every direction in Z2p.
Proposition 4.7. Assume for every 0 ‰ u P Z2p we have χu`xupSq “ 0 for
some xu P Z
2
q. Then Sp “ cZ
2
p ` qD, where c is a nonnegative integer and D is
a multiset on Z2p.
Proof. For any 0 ‰ u P Z2p and x P Z
2
p the cosets x ` xuy P Z
2
p are called lines.
Two lines are parallel if their intersection is empty.
We intend to prove that the multiset Sp defined on Z
2
p is constant pmod qq.










Indeed, write L1 “ x1`xu
1y and L2 “ x2`xu
1y. Let 0 ‰ u P Z2p be orthogonal
1 to






Sp. On the other hand, if χu`xupSq “
0, where 0 ‰ xu P Z
2
q , them we first project S to xu, xuy. The projection is the







pmod qq. The statement above follows from our conditions that at least one of
the two cases holds.









for every line L in Z2p.




















Since pp, qq “ 1 we have Sp is constant pmod qq. Thus Sp “ cZ
2
p ` qD for some
c P Z and multiset D. We could have more than one choice for c and D, but if
c “ mintSpxq | x P Z2pu, then c ě 0 and D is a multiset and this choice of c and
D is unique.
Corollary 4.8. Let pS,Λq be a spectral pair with pq || |S| “ |Λ| ą pq. Then
Sp “ qD, where D ‰ Z
2
p is a nonempty set (c “ 0).
Proof. D ı 0 since p2 ∤ |S|. Further c “ 0, otherwise we have a Z2q coset
containing more than q elements of S, which implies q2 | |S| since S is spectral,
a contradiction. As a corollary of Lemmata 4.5 and 4.7 we obtain that the
intersection of S with each Z2q coset is either of size 0 or q. This follows again
from the fact that if a Z2q coset contains more than q elements, then q
2 | |S| by
Lemma 4.5.
Note that the same holds for Λ since we only used the condition that S is a
spectral. Further the role of p and q can also be switched in Corollary 4.8.
Assume both S and Λ have the previously described structure. The Z2q cosets
can be indexed by the elements of Z2p so we write Ka “ ppZ
2
q ` aq X Sq ´ a for
a P Z2p.
1i.e., the dot product introduced on p.3 of u and u1 is 0.
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4.1.1 Special leaf structure
In this subsection we handle the following case.
Assumption A: There exists an 0 ‰ u P Z2p such that for every b P Z
2
p and
λ, λ1 P Zp we have either Kb`λu “ H or Kb`λ1u “ H or Kb`λu “ Kb`λ1u.
Note that the role of S and Λ can be exchanged in this section so the state-
ments for S remain valid for Λ. Hence, we prove our statements only for S. Let
0 ‰ u1 P Z2p be orthogonal to u.
Lemma 4.9. S projected to u1 is not equidistributed.
Proof. Assume indirectly it is equidistributed. Then each xu,Z2qy coset contains
kq elements of S. Since the Z2q cosets in xu,Z
2
qy intersect S the same way by
Assumption A, we obtain k | p since the weight of every point of the multiset
Sq is p or 0. This contradicts the fact that pq ă |S| ă p
2q.
Lemma 4.10. Let S be a set with pq || |S| and pq ă |S| ă pq mintp, qu.
Suppose that Assumption A holds. Then S is not spectral.
Proof. Let v P Z2q . Let Sxu,vy denote the projection of S to xu, vy. By As-
sumption A, Sxu,vypi, jq “ l ¨ hipjq, where hi : Zq Ñ N and l is the number of
nonempty Z2p cosets in the Z
2
p ˆ Zq coset projecting to these points. Furtherř
xPZq
hipxq “ q, since by Corollary 4.8, S intersects with each Z
2
p coset in either
0 or q times. This implies that if there is an i P Zp such that Sxu,vypi, jq ą 0 for
every j P Zq, then Sxu,vypi, jq is constant as a function of j, and if Sxu,vypxq ą 0
for every x P Zp ˆZq, then Sxu,vypi, jq is constant for every i as a function of j.
This implies that χvpSq “ 0.
Assume χvpSq ‰ 0. Since |S| “ |Λ| ą pq, by Lemma 4.1 either v P DpΛq
or u P DpΛq or u ` v P DpΛq. The first two are excluded as χupSq ‰ 0 and
χvpSq ‰ 0. Thus u ` v P DpΛq holds, which implies that χu`vpSq “ 0. It
follows from the previous argument that Sxu,vypi, jq “ 0 for at least one pair
pi, jq, otherwise χvpSq “ 0. By Lemma 3.5, Sxu,vy can be written as the sum of
characteristic functions of Zp cosets and Zq cosets.
The Zp and Zq cosets containing pi, jq P Zp ˆZq are not in the sum of cosets
determining Sxu,vy. Since χupSq ‰ 0 and χvpSq ‰ 0, this sum contains a Zq
coset and a Zp coset as well. Since Sxu,vy is positive in this Zq coset, as we have
seen it implies that Sxu,vy is constant on this Zq coset, which contradicts the fact
that it is the sum of Zp and Zq cosets, where some Zp cosets are missing, while
some are present (with multiplicity at least 1). This contradiction shows that
under Assumption A and pq || |S| ą pq, for every 0 ‰ v P Z2q , χvpSq “ 0. By
Lemma 3.3, this implies that q2 | |S|, which again contradicts the assumption
pq || |S|.
Thus we obtain that S is not spectral.
4.1.2 General case
Proposition 4.11. Let pS,Λq be a spectral pair with pq || |S| “ |Λ| ą pq.
Suppose χu`vpSq ‰ 0, where 0 ‰ u P Z
2
p and 0 ‰ u P Z
2
q . Then χupSq “ 0 and
χvpSq “ 0.
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Proof. Assume χupSq ‰ 0. Combining this with χu`vpSq ‰ 0 we obtain that if
Ka and Kb are contained in the same xu,Z
2
qy coset (where Kx “ ppZ
2
q ` aq X
Λq ´x), then for every w P Z2q, at least one of Ka X pw` xvyq and Kb X pw` xvyq
is empty.
Thus if λ P Λ, then pλ ` xu, vyq X Λ Ď λ ` xvy. By Corollary 4.8 Λ has p





x P Z2p ˆ Z
2
q. Further every element of Λ contained in x ` xu, vy is contained in
a single xvy-coset. Thus Assumption A holds for Λ with v playing the role of u
and q the one of p. Such a set cannot be spectral by Lemma 4.10.
Therefore, if pS,Λq is a spectral pair and χu`vpSq ‰ 0, where 0 ‰ u P Z
2
p
and 0 ‰ u P Z2q, then χupSq “ 0. Changing the role of u and v implies that
χvpSq “ 0, as well, finishing the proof of Proposition 4.11.
Proposition 4.12. If pq || |S| so that pq ă |S| ă pq mintp, qu, then S is not
spectral.
Proof. Suppose that S is spectral. Without loss of generality we can assume
that p ă q. As p2 ∤ |S|, there is a 0 ‰ u P Z2p such that χupSq ‰ 0 by Lemma 3.3.
If S is spectral and pq || |S| ą pq, then χu`vpSq “ 0 for every and 0 ‰ u P Z
2
q ,
by Proposition 4.11. Hence the projection T of S to xu,Z2qy the conditions
of Proposition 4.2 hold. Thus we obtain that for gipzq “ T pi ` zq (z P Z
2
q),
gi ´ gj is a constant function for every i, j P Zp. If gi “ gj for every i, j P Zp,
then χupSq “ 0, a contradiction. Otherwise there are some i, j P Zp such that












at least q2 element of S). On the other hand, every coset of cardinality pq2
contains at most pq elements of S, otherwise there is a coset of Z2q containing
q ` 1 elements of S which would imply that every direction appears in S and,
by Corollary 3.2, we get q2 | |S| “ |Λ|. This is a contradiction, as for p ă q we
have pq ă q2. This contradiction shows that S is not spectral.





B “ G be a tiling of G. Clearly, every translates of A is a tiling partner
of B and since the role of A and B is symmetric we may assume 0 P A X B.
Plainly, p1A ¨ p1B “ |G| ¨ δ1, where δ denotes the Dirac delta and 1 denotes the
trivial representation of G. We recall some elementary result from [14].
Lemma 5.1 (Lemma 3.2 of [14]). Let G be an abelian group, which is the
direct sum of subgroups B and P . Let A Ă G such that A
À
B “ G. Then A
is spectral and its spectrum is P .
Note that Z2p ˆ Z
2
q is a complemented group, which means that if K is a
subgroup of G, then there is a subgroup L of G with K
À
L “ G. Thus Lemma
5.1 implies the following.
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Corollary 5.2. If A is a subset of G “ Z2p ˆ Z
2
q such that A
À
B “ G, where
B is a subgroup of G, then A is spectral.
We are considering finite groups, so a set A is spectral with spectrum Λ when
|A| “ |Λ|, and 1̂Apχq “ 0 for every nonzero χ P Λ ´ Λ. In each case we find a
subgroup of Λ ď pG where |Λ| “ |A| and 1̂A vanishes on all nonzero elements of
Λ, making Λ a spectrum for A.
One can see that G and t1u are spectral sets and tiles so in these cases the
tile-spectral direction automatically holds. Therefore, we may assume A Ĺ G
and B Ĺ G. Hence, there are 1 ‰ χ, χ1 P pG with χpAq ‰ 0 and χ1pBq ‰ 0 by
Lemma 3.1. Then it follows from p1A ¨p1B “ |G|¨δ1 that χpBq “ 0 and χ1pAq “ 0.
Now we prove the tile-spectral direction by distinguishing cases according
to |A|. For the first two cases we consider G “ H ˆ K where H is the Sylow
p-subgroup of G with order pn.
Case 1: |A| “ p
A has a tiling partner B of size |G|
p
. In particular, since pn ∤ |B|, there must be
some character χa of order p
k with 0 ă k ď n where χapBq ‰ 0, so χapAq “ 0.
Then A must project to G{χKa as a sum of Zp cosets, and as |A| “ p, this
is a single coset. Where χb is a character of order p in xχay, A must then
be equidistributed among cosets of χKb . Therefore χbpAq “ 0 and xχay is a
spectrum for A.
In our case k “ 1 since the Sylow p-subgroup of Z2p ˆ Z
2
q is of exponent p.
Notice this argument shows that every subset of prime cardinality of every finite
abelian group is spectral if it is a tile.
Case 2: |A| “ pn
In this case, A has a tiling partner B where |B| “ |K| and p ∤ |B|. 1̂B
cannot vanish on any character of order pk for 1 ď k, so 1̂A vanishes on all such
characters. This means that 1̂A vanishes on all non-zero characters in Ĥ , and
since |Ĥ | “ |A|, this makes Ĥ a spectrum for A.
When G “ Z2p ˆ Z
2
q, this covers the case where |A| is either p
2 or q2.
Note that in the remaining cases, we take G “ Z2p ˆ Z
2
q.
Case 3: |A| “ |B| “ pq
We prove that A is spectral. For B the proof is analogue.
Since p2 ∤ |B| and q2 ∤ |B|, there exist u P Z2pzt0u and v P Z
2
qzt0u such that
χupBq ‰ 0 and χvpBq ‰ 0. As φpAqφpBq “ 0 for every character φ ‰ 1 we have
χupAq “ 0 and χvpAq “ 0. Now, it would be enough to prove that χu`vpAq “ 0
since then the subgroup of order pq generated by u and v would be a spectrum
for A by Lemma 3.6.
For contradiction, we assume that χu`vpAq ‰ 0, hence χu`vpBq “ 0. This
implies that B projects to G{χKu`v as sum of Zp and Zq cosets by Lemma 3.5.
As |B| “ pq, it simply follows that this is either the sum of q many Zp cosets
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or the sum of p many Zq cosets. The former case implies that χupBq “ 0, the
latter case implies that χvpBq “ 0. Both contradicts our assumption.
We conclude χu`vpBq ‰ 0 and χu`vpAq “ 0, and hence xχu`vy is a spectrum
for A.
Case 4: |A| “ pq2 (or |A| “ p2q)
Such a tiling set has tiling partner B where |B| “ p. Since pA,Bq is a tiling
pair and q ∤ |B|, 1̂A vanishes on every character of order q. Since p
2 ∤ |B|, there
is a character χ of order p where 1̂Bpχq ‰ 0 and 1̂Apχq “ 0. First consider the
case where 1̂A also vanishes on every character of order pq. Then 1̂A vanishes
on all nonzero elements of xχy ‘Z2q , which is a subgroup of
pG with same size as
A and hence is a spectrum for A.
If there is some character α of order pq where 1̂A does not vanish, then
1̂Bpαq “ 0. B then projects to G{α
K as a sum of Zp and Zq cosets by Lemma
3.5, and since |B| “ p, this will be a Zp coset. B is therefore contained in a coset
of pαpq
K
– Z2p ˆZq. Choose some ξ P Gz pα
pq
K












´ iξ. Then for each i, pAi, Bq is a tiling
pair for pαpq
K
. Note that 1̂A must vanish on any point where 1̂Ai does for all
i P Zq.
Since B tiles pαpq
K





1̂B vanishes, then B projects to pα
pq
K
{βK – Zpq as a union of Zp and Zq
cosets by Lemma 3.5, and again due to the size of B, this will be a single Zp
coset. This means that B is contained in Z2p and hence determines a direction of
order p. This direction is missed by A by Theorem 3.1 from [1]. Note that the
equivalence of case (h) in Theorem 3.1 is only proved in the case n “ p but the
proof works verbatim for an arbitrary natural number using Lemma 3.6. Since
|A| “ |G|
p
, A is a graph and hence is spectral.





hence so does 1̂A. We claim that 1̂A vanishes on every nontrivial elements
of xχy ‘ Z2q . We have seen above this for characters of order q and pq. The
characters of order p of this subgroup are powers of χ, so the result follows
from Lemma 3.6. This in turn implies xχy ‘ Z2q is a spectrum for A since
|xχy ‘ Z2q | “ |A|.
Acknowledgement
The second author was supported by Premium Postdoctoral Fellowship of
the Hungarian Academy of Sciences and by the Hungarian National Foundation
for Scientific Research, Grant No. K124749.
The third author was supported by the János Bolyai Research Fellowship
and by the New National Excellence Program under the grant number ÚNKP-
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